We find the asymptotic formula for quasinormal mode frequencies ω n of the Dirac equation in a Schwarzschild-AdS D background in space-time dimension D > 3, in the large black-hole limit appropriate to many applications of the AdS/CFT correspondence. By asymptotic, we mean large overtone number n with everything else held fixed, and we find the O(n 0 ) correction to the known leading O(n) behavior of ω n . The result has the schematic form ω n ≃ n ∆ω + A ln n + B, where ∆ω and A are constants and B depends logarithmically on the (D − 2)-dimensional spatial momentum k parallel to the horizon. We show that the asymptotic result agrees well with exact quasinormal mode frequencies computed numerically.
I. INTRODUCTION AND RESULTS

A. Overview
There has been a great deal of numerical and analytic work on quasinormal modes of black holes. (For some modern reviews, see Refs. [1, 2] .) Because of gauge-gravity duality, one case of particular interest over the last decade has been that of black holes in asymptotically anti-de Sitter spacetimes. In this case, low-lying quasinormal mode frequencies can be related to the poles of Green functions [3] [4] [5] [6] and so to the long distance exponential fall-off of various correlators in certain finite-temperature and finite-density field theories. Also, the full set of quasinormal frequencies can be related to functional determinants in the gravity theory, which are dual to '1/N' corrections to strongly-coupled field theories [7, 8] . Except in a few special cases, exact computation of quasinormal modes requires numerics. But it is generally possible, using WKB-like methods, to obtain analytic results for quasinormal mode frequencies ω n in the limit of large overtone number n -that is, in the limit of large |ω n |. In most cases, quasinormal mode frequencies are evenly spaced at large n, with asymptotic expansion ω n ≈ n ∆ω + constant + · · · ,
where ∆ω is the asymptotically constant spacing between successive ω n . In most cases, the asymptotic expansion has been computed analytically to at least O(n 0 ), so as to include the constant term on the right-hand side of (1.1). In this paper, we focus on the limit where n is taken large while holding other quantities fixed (such as mass m and spatial momentum k parallel to the horizon).
The goal of the present paper is to fill one gap in the literature concerning such asymptotic formulas for ω n . To our knowledge, nobody has previously analyzed analytically the case of quasinormal modes of half-integer spin fields in Schwarzschild-AdS (SAdS) spacetimes through O(n 0 ), except in the special low-dimensional case of BTZ black holes [9] (in bulk space-time dimension D=3), where exact analytic results for all ω n may be found [10] . In this paper, we specialize to the case of spin- 1 2 fields in SAdS D with D > 3. We will find a result that has the schematic form ω n ≈ n ∆ω + A ln n + B + · · · , (
and we will evaluate all the terms through O(n 0 ). An interesting and unusual feature here is the ln n term. Such dependence on ln n does not arise for quasinormal modes of asymptotically flat black holes (see [11] for an analysis of the spin- 1 2 case), nor does it arise in the analysis of spin-0 or spin-2 quasinormal modes of SAdS [12] [13] [14] . 1 However, a logarithmic dependence has been found for spin-1 quasinormal modes of SAdS for D=4 [14] . Our result shows that the spin-massless Dirac fermions in D=4 [15] and (ii) our own numeric calculations for massive Dirac fermions in D=5.
We note in passing that the case of massive spin- 1 2 fields in SAdS arises naturally in the duality between strongly-coupled N =4 super Yang-Mills theory and Type IIB supergravity on AdS 5 × S 5 (or SAdS 5 × S 5 for finite temperature) because the Kaluza-Klein reduction on S 5 gives mass to all spin- 1 2 fields in (S)AdS 5 [16] . For the sake of simplicity of discussion and of AdS/CFT applications to infinite-volume systems, we will focus on black branes, which correspond to the limiting case of arbitrarily "large" black holes. In the remainder of this introduction, we review the corresponding metric and set up our choice of coordinates, and then we summarize our analytic results for the asymptotic quasinormal mode frequencies. The derivation is given in section II. In section III, we explain our numerical method for computing exact quasinormal mode frequencies in the massive case. Finally, comparison of our asymptotic formulas to both our own numerics and the numerics of ref. [15] is given in section IV, and the log(n) term in the expansion (1.2) is verified.
As mentioned earlier, in this paper we study the limit of large overtone number n with all other parameters held fixed. Readers interested in other limits may find a discussion of large chemical potential µ in [17] (with specific calculations in a probe approximation). Also, in the case of scalar rather than spin-
fields, a discussion of large mass m may be found in refs. [18, 19] and large momentum k in ref. [20] .
B. Metric
Two standard, equivalent forms of the SAdS D black-brane metric in D space-time dimensions are
and
where L is the radius associated with the asymptotic AdS space-time,
The boundary of AdS is at z = 0 and r = ∞, the black hole horizon is at z = z h and r = r h , and the singularity is at z = ∞ and r = 0. (Since both z and r are common variable choices, depending on context, we will occasionally jump back and forth between them in order to facilitate comparison of formulas with the rest of the literature on quasinormal modes.) We will consider fermions of mass m propagating in this metric background. In applications of gauge-gravity duality, masses m of the spin- 1 2 fields in the gravity theory are related by duality to conformal dimensions ∆ of spin- 1 2 operators in the field theory by
C. Asymptotic Results
The result we find in this paper for (retarded) quasinormal mode frequencies of massive spin 1 2 fermions in SAdS is
where k is the (D−2)-dimensional spatial momentum conjugate to x in (1.3),
is the Hawking temperature of the black hole,
We assume k = 0 here and throughout. The leading O(n) piece of our result (1.6) was known previously from numerical results on the asymptotic spacing between modes for massless spin- 1 2 fermions in D=4 [15] and is the same for general D as the leading O(n) result for fields of other spin [12, 14, 22] .
3 Some authors adopt the convention of studying advanced rather than retarded quasinormal modes (outgoing rather than infalling boundary condition at the horizon), which corresponds to taking the complex conjugate of our result.
The ± sign in (1.6) distinguishes different spin states, in a way to be made precise later. The formula (1.6) only shows the quasinormal mode frequencies ω = ω n± in the right-half complex plane. The corresponding quasinormal frequencies in the left-hand plane are given by ω = −ω * n∓ . For D=5, our result specializes to
(|mL| − 1 ± Henceforth, we will assume that m is chosen by convention to be positive, and so we will drop the absolute value signs in (1.6) and elsewhere. Fig. 1 gives a first look at the comparison of our numerical results (described later) for exact quasi-normal mode frequencies and the asymptotic formula (1.10) for D=5, mL = , and two different values of |k|. We will make more precise comparisons later on.
Massless fermions are a special case and require a careful discussion of boundary conditions, to be given later. Massless fermions have previously been studied numerically by Giammatteo and Jing [15] in D=4. We will find that, for their choice of boundary conditions, the analytic result for large n happens to be given by the same mathematical formula as (1.6) if you plug in |mL| = 3 2 instead of the naive choice |mL| = 0. For comparison to the D=4 simulations of Giammatteo and Jing, whose numerical results are for the case we call ω n+ in the lower-right complex plane, our result is then 
where
M N and where the covariant derivative D M contains a spin-connection term. As noted by Herzog and Ren [17] , the Dirac equation may be simplified in the case of metrics of the form
by rescaling
The result is
where the γ m are flat-spacetime γ matrices with {γ m , γ n } = 2η mn and the index i runs over the D−2 dimensions of x. Equivalently, working in momentum space k µ = (−ω, k) for all coordinates except z,
In the case of the SAdS metric (1.3), this is
It is standard and convenient to split ψ into two pieces ψ ± according to their chirality under γ z . We choose a representation of the Dirac matrices of the form
Here the τ i are Pauli matrices that mix the ψ + and ψ − of 9) and the σ are D−2 anti-commuting matrices with {σ i , σ j } = 2δ ij (also Pauli matrices in the cases D=4 and D=5). In this notation, the Dirac equation (2.7) becomes (multiplying by
The combination −f ∂ z = F ∂ r is just the derivative ∂ r * with respect to the tortoise coordinate r * defined by
We may choose the solutions to be eigenstates of σ · k (or equivalently
The ± sign above is the same ± used to distinguish the different cases in our final result (1.6). With this notation,
14)
The quasinormal mode boundary conditions that we will apply are that (i) ψ vanishes at the boundary of AdS (except in the massless case to be discussed later) and (ii) ψ is infalling at the horizon, i.e. ψ ∼ e −iωr * near the horizon. Note that if ψ =ψ(ω n , K, r) is a solution to (2.14) with these boundary conditions for complex ω = ω n and real
* also solves (2.14) and satisfies the boundary conditions, but with ω = −ω * n and k = −K. This transformation maps solutions in the right-half complex ω plane with one sign ± of σ ·k to solutions in the left-half complex plane with the other sign ∓ of σ ·k. In the discussion that follows, we will focus on the solutions in the right-half plane.
B. The Method
To find the asymptotic quasinormal mode frequencies, we will use the Stokes line method nicely reviewed in ref. [12] . Start by taking the naive large-ω limit of (2.14), which is
and has solution
One difficulty with this approximation is that there are regions where the other terms in (2.14) may not be ignored, even when ω is large. This happens near the boundary (r = ∞) and the singularity (r = 0), and so one must do a matching calculation if one wishes to follow the solution there. A more serious difficulty is that the quasinormal frequencies ω that we are looking for have imaginary parts, and so one of the two terms in the solution (2.16) will become exponentially small compared to the other as we follow the solution from the boundary to the horizon, and so that term becomes smaller than the error of the large-ω solution. To avoid this difficulty, one lifts r from the real axis to the complex plane and traces Stokes lines, defined by Im(ωr * ) = 0, for which the magnitude of the two terms in (2.16) remain the same size. For analyzing asymptotic quasinormal mode frequencies, it is adequate to use the leading-order O(n) formula for ω in the Stokes condition, which in SAdS has complex phase ω ∝ e −iπ/(D−1) as in (1.6). So the Stokes lines are given by
We choose the tortoise coordinate r * to be zero at the singularity r = 0, in which case (2.12) gives
where r n = e −i2nπ/(D−1) r h are the roots of F (r) and we have written the formula in a way appropriate for our choice of cuts in later discussion. Following the path of discussion in ref. [12, 13] (which so far is independent of the spin of the field), a qualitative sketch of the particular Stokes lines (2.17) that we will use is given in fig. 2 . By following these Stokes lines, we can relate the boundary condition at r=∞ to the solution near the singularity r=0 and thence in turn to the boundary condition at the horizon r=r h . The WKB solution (2.16) is not valid very close to the boundary or to the singularity, so we will have to separately solve the Dirac equation in those limiting cases in order to match to the WKB solutions.
Given our conventions, the tortoise coordinate r * vanishes at the singularity r=0, the Stokes line from the singularity to |r|=∞ has ωr * positive, and the Stokes line from the singularity to the horizon r=r h has ωr * negative.
Note, by the way, that (2.16) is the form of the exact solution to the Dirac equation (2.14) in the case that both m and k are zero. However, (2.16) cannot simultaneously satisfy the quasinormal mode boundary conditions that it vanish at the boundary of AdS and that it have only the e −iωr * component at the horizon. The existence of any quasinormal mode solution therefore depends on non-zero m or k. This will be the origin of why our asymptotic formula (1.6) for ω n depends on |k|.
C. Matching at the boundary r → ∞ Near the boundary, f → 1 and the SAdS metric approaches that of pure AdS. The Dirac equation (2.14) reduces to
or equivalently
whose solution is well known [24, 25] . (The spiral into the horizon shown above crosses a cut in the definition of r * emanating from r = r h , and the curve spirals onto higher and higher Riemann sheets.) Given our retarded convention for ω, this figure is the complex conjugate of similar diagrams in refs. [12, 13] .
where for ψ ± . Note that solutions for ψ + and ψ − are not independent from each other but are related by the original equation (2.20).
Massive fields
For massive fields, we may impose the boundary condition that the field ψ vanish at the boundary z=0, which selects the J ν solutions. The corresponding solution to the original first-order equation (2.20) is
We're interested in the large-ω limit of |ω| ≫ |k|, in which case this becomes
with asymptotic expansion In order to move beyond the z≪z h approximation, we need to match the asymptotic form (2.27) to the general WKB form (2.16). To that end, we need the near-boundary expression for the tortoise coordinate r * of (2.18), which is 28) where, for the f specific to SAdS (1.5),
4T sin( It will be useful later to imagine expanding the result in terms of τ 1 eigenstates. We won't actually need to be any more explicit than we already have been, but one could accordingly rewrite
above, if desired.
Massless fields
For the massless case m=0, the solutions involving J ν and Y ν near the boundary are
respectively, and no non-trivial combination vanishes at the boundary. Our interest in this case will be for comparison with the numerical results of Giammatteo and Jing [15] , and so we should apply their boundary conditions, which in our language is that ψ + = ψ − at the boundary. 5 In the large ω limit of interest, this fixes the combination to be case of (2.30), which implemented the usual boundary condition of avoiding singularities at the boundary for m > 0. As it turns out, the matching near the boundary is the only place where the mass m will enter the calculation of the quasi-normal mode frequencies to the order at which we are working. So we need not discuss the massless case any further: to compare to Giammatteo and Jing, just set D = 4 and mL = 3 2 in the formulas that we will derive for the massive case.
D. Matching at r → 0
From the previous discussion, we now know the asymptotic expansion along the Stokes line from |r| = ∞ to the singularity r = 0 in fig. 2 . For now, let's generically refer to this expansion as φ ≃ B + e iωr * + B − e −iωr * (ωr * positive), (2.36) and we will save for later using the explicit from (2.30). Our task now is to solve the Dirac equation near the singularity and thereby relate the coefficients B ± above to coefficients A ± for a similar asymptotic expansion along the other Stokes line in fig. 2 , which leads to the horizon: φ ≃ A + e iωr * + A − e −iωr * (ωr * negative). (2.37)
The r → 0 Schrödinger problem
For small r and large ω, the dominant terms in the Dirac equation (2.14) are [15] is the same as the massless version of our (2.14) if one identifies their F and G with our ψ − − ψ + and ψ − + ψ + respectively, their f with our F = r 2 f /L 2 , and their k ± with our kL. They subsequently impose the boundary condition that their F vanish at the boundary of AdS. 6 We have chosen the sign of the −ik term in (2.38) by going around the singularity at r = r h in the lower-half complex r plane, according to the Stokes line from the boundary to the singularity in fig. 2 . assuming k = 0. Now apply −F ∂ r − iωτ 2 − ik(r h /r) (D−1)/2 τ 1 to (2.38), and expand. The result is a Schrödinger-like equation
For the case of D > 3 considered in this paper, the first term in (2.41) is sub-dominant for small r and so may be dropped:
Now rewrite this potential in terms of the tortoise coordinate r * . For small r, (2.12) and/or (2.18) give
and so
.
(2.43)
with a defined as in (1.9) and
(2.45)
The solution
We want to solve the equation The integral gives We now need to match this to the asymptotic behavior on the negative ωr * Stokes line in fig. 2 . Near the origin, moving from the positive ωr * line clockwise to the negative ωr * line in that figure corresponds to rotating r by e iπ/(D−2) and r * by e iπ . Then, along the negative ωr * Stokes line, arg(−iωr * ) = π 2 again satisfies the condition for (2.56), and so and then use the standard expansion (2.56) to show that the last term disappears at large positive ωy. The result is that (2.54) yields
Usingκ ≡ τ 1 κ and (2.45) for κ and (1.7) for T , this can be written as
where 
E. Putting it all together
We now impose the infalling boundary condition at the horizon, which is that the e iωr * term in the expansion (2.69) must vanish along the negative ωr * Stokes line that connects the singularity r=0 to the horizon. From (2.68) that condition is
On the other hand, along the positive ωr * Stokes line, comparison of the WKB form (2.36) to the form (2.30) that we got from applying the quasinormal mode condition at the boundary (r → ∞) gives
Consistency of (2.71) and (2.72) requires the condition
which determines the quasi-normal mode frequencies. This condition is satisfied when
for integer n. Solving for ω by iteration in the large n limit, and using eq. (2.29) for r * 0 and (2.66) for λ, then produces the result
with ξ defined as in (1.8) . Now recall from the definition (2.13) of k that k = ±|k|, depending on the spin state. Eq. (2.75) may then be recast in terms of |k| as the result (1.6) quoted in the introduction.
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III. NUMERICAL METHOD
In this section, we discuss our numerical method for finding quasinormal mode frequencies in the massive case, which we will use to test the asymptotic result (1.6). We have not made exhaustive comparisons to find the most efficient numerical algorithm in the spin-1/2 case, but we will just use a variation on one of the methods often used in the literature. We will find a recursion relation for a series solution to the Dirac equation expanded about the horizon. We will use that recursion relation to evaluate that series at the AdS boundary as a function of ω (for given m and |k|). Then we will search the complex ω plane to find values ω=ω n where the value at the AdS boundary vanishes.
It is useful to have an equation that eliminates the spinor structure from the Dirac equation (2.14) . It is also convenient to have an equation that does not involve square roots of f , since square roots in our equation will not generate a recursion relation (for the series solution) that has a bounded number of terms. (However, if one must, it is possible to get by with an unbounded number of terms in the recursion relation, as in ref. [15] ).
To obtain the equation we will use, start with the Dirac equation (2.14) and change basis to rewrite it in terms of
to get
In terms of components,
Rewrite the last as
Combining (3.3) and (3.5),
9 Note in the k = −|k| case that any +2πiN ambiguity in the value of ln k = ln(−|k|) may be absorbed through O(n 0 ) by shifting the definition of n in (1.6) by an integer N , which is just a matter of labeling convention for the quasinormal modes.
which may be expanded to
This equation does not involve any square roots of f . By multiplying through by kL − imr, it will be possible to write an equation whose power-series solutions will have recursion relations with a fixed number of terms. We note in passing that the massless version of (3.7) is related to the Teukolsky equation which is often used to simultaneously study massless fields of all different spins in D=4. We point out the translation to a selection of formulas in the literature in appendix A. Now factor out the behavior of the solution near the horizon and near the boundary by writing
where z = L 2 /r. The equation for H is then
where we have introduced the dimensionless mass m ≡ mL. Multiplying through by kz − im, and specializing now to units where z h = 1, one can obtain a recursion relation for a series solution
about the horizon. For D=5, this is a 6-term recursion relation for the coefficients a n , which is the shortest recursion relation we were able to find for the massive case. Specifically, for D=5, the choice of units z h = 1 is πT = 1 and the recursion relation is
α −j (n) a n−j = 0 (3.12)
Our numerical method is to use this recursion relation to calculate all the a n while computing the value of H at the boundary as
(cut off at some suitably high value of n), and then to scan the complex ω plane to find zeros of (3.19).
IV. NUMERICS COMPARED TO ASYMPTOTIC FORMULA
A. Massive D=5
We have already shown in fig. 1 one comparison of our D=5 numerical results for ω n with the asymptotic formula (1.10) In order to check more accurately, it is helpful to study much higher n and to plot the offset δ n from the leading O(n) asymptotic formula, defined by
(for D=5). Fig. 3 shows data points for δ n+ from numerics 10 plotted against dashed lines showing the asymptotic result taken from (1.10):
10 Some technical details: To automate the scan for zeros of (3.19), we started our search for each n at the value ω = ω n − 0.2mi with ω n given by the asymptotic formula (4.2). Some readers may be surprised that our numerical method was accurate enough to reach overtones as high as n = 128. We achieved this by mindless brute force: we simply increased the precision of arithmetic used until we obtained stable results. For example, the n = 128 results were computed using 3200-digit precision arithmetic. Data points are from our numerics, whereas the dashed lines indicate the value of δ n that would be given by the asymptotic formula (4.2). Note the different choices made for the horizontal axis in the two figures, and that large n corresponds to the left and right hand sides of (a) and (b) respectively.
In particular, the large n behavior of Im δ n+ in fig. 3b clearly shows agreement with the asymptotic log n and |k| dependence found in (4.2).
For the sake of comparison for anyone in the future making similar calculations, we provide tables of some of our numerical results in appendix B.
B. Massless D=4
For the case of massless fermions in D=4, fig. 4 shows a comparison of our asymptotic formula (1.12) with numerical results of Giammatteo and Jing [15] . In order to facilitate comparison, it is useful to use (1.7) to recast (1.12) as
Giammatteo and Jing study different sizes of black holes, whereas our asymptotic formula was only derived in the large black hole limit, and so we compare only to their results for their largest black hole. Their r 1 is our r h /L, and their largest black holes correspond to Table II of ref. [15] with r 1 = 100. Their k is an integer, related to the mode of spherical harmonics, but translates in the large black hole limit into our |k|L. In their Table II , the columns labeled ℓ = 0 and ℓ = 1 correspond to their k = 1 and k = 2 respectively. Their dimensionless ω quoted in numerical results is simply our ωL. That is, they work in units where L = 1. As in the earlier discussion of D=5, we also look at the offset δ n , which in the D=4 case is δ n ≡ ω n ∆ω ∞ − n ≡ ω n Table II of ref. [15] for massless Dirac fermions in D=4. The dashed lines indicate the value of δ n that would be given by the asymptotic formula (4.3). In order to align the overtones found in ref. [15] with the ones given by our asymptotic formula, the overtone number n we use in this figure corresponds to their n − 1. 
Though the above equations are valid in any dimension, they agree with the spin- case of the Teukolsky equation [26] . The Teukolsky equation gives a unified description of arbitraryspin massless fields in certain D=4 metrics, and has been used by a number of authors to study quasinormal modes for asymptotically flat Schwarzschild and Kerr-Newman. Our eqs. (A3) are equivalent, for example, to the particular form of the Teukolsky equation given by Jing [27] .
11 For more specific comparison to papers on asymptotically flat D=4 Schwarzschild black holes, note that the metric (1.3b) has the same form as an asymptotically flat D=4 black hole metric if one identifies
and takes x to be angular variables approximated as flat (an approximation that will make sense in the limit of large spherical harmonics). For discussion of the Teukolsky equation in asymptotically AdS 4 spacetime, see ref. [28] . We our unaware of any generalization of the Teukolsky equation for arbitrary spin to D > 4. 
